sum of simple modules.
In the next definitions and subsequently, the set inclusion symbol "c" will always indicate a proper inclusion. The next two definitions are essentially taken from [4, p. 103 If L a (V) has been defined for all a < β; where β is a limit ordinal, set L β ( V) = U {L a ( V) \ a < β) and define L β+1 ( V) Clearly, the quotients of the consecutive terms of the lower Loewy series are completely reducible; it will be shown later that this also holds for the upper series for all superscripts. It will also be shown that, in a sense which is more precisely defined in conclusions 3 of the Theorems 2 and 4, the lower and the upper Loewy series are the unique biggest chains of submodules with completely reducible quotients. The indices on the terms of the lower and upper Loewy series will henceforth be positive integers; except in the example at the very end, and even here they will only be ω and ω + 1, where ω is the first infinite ordinal.
The radical of any ring R, denoted by N, will be the usual Jacobson radical, i.e., the intersection of the annihilators of all simple left JB-modules U with RU= U. In case there do not exist any simple Λ-modules, N= R.
From now on it will be assumed that the module F satisfies the condition that (1) for any submodule U of F, RU-U-A restriction will be, imposed on the ring by requiring that ( 2 ) R/N is completely reducible, i.e., either zero or a direct sum of minimal left ideals Z, with RL -iL. The ring R considered here is neither assumed to be commutative nor to contain a unity element. Indeed, one of our objectives has been to develop the properties of the two Loewy series so that they would be applicable to rings which cannot in principle contain a unity element, e.g., if R/N is the ring of all linear transformations with finite dimensional ranges on an infinite dimensional vector space. In the latter example, clearly (1) and (2) Proof. If if is a sum of simple modules, then NU -{0} because N annihilates any simple 2?-module. Conversely, if NU = {0}, then U viewed as an iί/iV-module is completely reducible over R/N and hence also over R.
The next theorem is the main result about the lower Loewy series. For any subset B of a ring R, the symbol B 1 -denotes the subset of a fixed JB-module V which is annihilated by B. (1) and (2) . Then the following holds for all integers k = 0,1,2, ... : 1. Proof. By Lemma 1, the quotient module U/NU is a direct sum of simple modules. The vector v + NU can be written as a unique finite sum of vectors each of which lies in a simple submodule of U/NU. Let P be a submodule of 17 with JYI/gΞ P, with P/NU simple, and such that v + NU has a nonzero component in P/NU. Then U/NU is the direct sum
THEOREM 2. Let the ring R with radical N and the module V be as in
L k +ι(V)/L k (V) is completely reducible. 2. L k {V) = N k± . 3. Uniqueness: if {0} = A Q g A 1 £ A 2 <ΞΞ is
any series of submodules of V with completely reducible quotient modules
where M is a submodule of U with NU^ M. Clearly, v&M. Since
Next a counterexample is given to show that the last lemma is false if the ring jβ fails to satisfy (2) . Let R be any commutative integral domain with a unit in which every ideal is principal and with a quotient field Q not equal to R. The module Q over R cannot contain a maximal proper submodule M. Otherwise, let a/b^M with a,heR. Then Q = M + 12(1/6) and 1/6 2 = m + n/b for some me M y ne R. Hence 1/6 = bm + n and n ί M. Thus R g£ M and for some c e R with c φ 1 or 0, we have R Π M = Re. Since Q = M + R(l/c), there exists meM and se R with 1/c 3 = m + s/c. Consequently, 1/c -(me 2 + sc) G M, contradicting the fact that R §£ Af. If 12 has a finite number of primes, then the radical N of 12 is the principal ideal generated by the product of all the primes. In this case NQ = Q, and the previous lemma is not applicable. If R has an infinite number of primes then iVis zero. Since R cannot contain a single minimal ideal the hypothesis (2) that R/N is a direct sum of minimal left ideals fails.
The following theorem about the upper Loewy series is a perfect analogue of Theorem 2 for the lower series. (1) and (2) . Then the following holds for all k -0,1, 2, •: Proof. By use of Lemma 1, conclusion 1 is an immediate consequence of conclusion 2.
In order to prove conclusion 2, assume by induction that L k~\ V) = jyk-i y. REMARKS, (i) It is not clear whether the hypothesis in Theorems 2 and 4 that for any submodule U of V, RU-U cannot be weakened to require only that RV'= F. In order to do this, perhaps some additional hypothesis may have to be placed on J?, e.g., RN = JV.
(ii) The associativity of multiplication in the ring R was never used. For example, all of the previous considerations remain valid for a Lie module over a Lie ring.
(iii) It seems reasonable to conjecture that continuous analogues of the theorems of this paper could be formulated in order to be applicable to the case where the ring R consists of bounded linear transformations on a Hubert space F. Then one would have to consider chains of subspaces of the Hubert space F such that the quotient of any two adjacent terms would be a Hubert space direct sum of closed jR-invariant subspaces containing no proper closed /{-invariant subspaces. The Jacobson radical would have to be replaced by a possibly bigger ideal-the intersection of all closed regular maximal left ideals of R.
(If R were norm-closed and commutative, then any regular maximal ideal would be automatically closed.)
Next some corollaries of Theorems 2 and 4 are derived. In part 3 of the next lemma the ring R is viewed as a left jR-module over itself. COROLLARY 5 . Let the ring R and the module V be as in (1) and (2) and let W be any submodule of F. For conclusion 3 assume in addition that for any left ideal I of R, RI = I. Then for all k = 0,1, 2, the following hold:
The proof of the last lemma is an immediate consequence of parts 2 of Theorems 2 and 4. In order to show that the inclusion relation in the b parts can be strictly proper, let R be the ring of all n x n matrices with zeroes above the diagonal, coefficients in any field and with n and k satisfying 0 < k ^ n -2. In this case the radical N consists of all matrices with zeroes on the diagonal; for any integer i in 0 g; i ^ n, N ι± = iV 
Proof. It suffices to show that if
It is interesting to note in connection with the next corollary that there is an example of a ring R whose radical consists entirely of nilpotent elements but with N 2 = N, see [2, p. 72] and [7, p. 50 ].
COROLLARY 7. Let R and V be as in (1) and (2) and assume in addition that V is a finitely generated R-module. Then the upper Loewy series of V over R either terminates with zero in a finite number of steps or is an infinite descending chain.
Proof. Under the assumption that the ifc-th term N k V of the upper Loewy series of V is not 0, it has to be shown that N k+1 VaN k V. It suffices to show, more generally, that for any finitely generated module W over R, NW Φ W. If NW = W, then the fact that N is a left ideal implies that W is also finitely generated over N and not merely over R. But now by [5, p. 200, Proposition 2] we have NW Φ W, a contradiction.
EXAMPLES, (i) In sharp contrast to the minimum condition case, the following simple examples show that even if the ring R and module V satisfy conditions (1) and (2), the upper and lower Loewy series need not be of the same length. Let R be the ring of all matrices over any field with an infinite number of rows and columns, with only a finite number of nonzero entries, and having zero entries above the main diagonal. The module V is to consist of column vectors with only a finite number of nonzero components. Then N consists of all matrices with zeroes on the main diagonal. Clearly, R and V satisfy (1) and (2) (ii) An example satisfying (1) and (2) where L ω (V) cz L ω+1 (V) = V can be constructed by taking R as the ring of all matrices with an infinite number of rows and columns, with zeroes below the main diagonal, with only a finite number of nonzero entries off the main diagonal, and having all the entries on the diagonal eventually constant. The module V is to consist of all column vectors with an infinite number of components but with all the components from some point on eventually constant. The radical N is the set of all matrices with zeroes on the diagonal; N k± consists of all vectors having all components zero except possibly the first k. Hence L ω ( V) is the subspace of all vectors having only a finite number of nonzero components. Since V/L ω ( V) is isomorphic to the coefficient field, L ω +ι( V) -V. Although the lower Loewy series is a proper infinite ascending chain, the upper series contains only two distinct terms. Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double spaced). The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens at the University of California, Los Angeles, California 90024. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
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